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Abstract:- D. Anosov showed that for any selfmgp X — X of a nilmanifold X, N(f) = +L(f) whereN(f) and
L(f) denote the Nielsen and the Lefschetz numbef,aespectively. We introduce generalized Lefschetz and Nielsen
type numbers for maps of pairs, denoteddiy’; X, A) and9i(f; X, A) sothatiff : (X, A) — (X, A)isamapofa
pair of nilmanifolds, the®i(f; X, A) = ££(f; X, A) = providedL(f) - L(fa) > 0.
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1 Introduction ter numbers which are upper bounds for the relative

For a selfmapf : X — X of a compact connectedNielsen number and the relative Nielsen number on
polyhedron¥, the Lefschetz numbel(f) gives an e complement. .

algebraic count of the number of fixed pointsfpf ~ 1he relative Reidemeister numbéi(f; X, 4)
The Nielsen numbed (f), on the other hand, of-Was defined [4] in the same fashion as the relgtlve
ten yields the minimal number of fixed points in th&li€lSen number of Schirmer, based on the inclusion-
homotopy class of. WhenX is a nilmanifold, D. exclusion principle. The relgnve _gener_allzed Lef-
Anosov [1] showed that these two homotopy invar?—Che_tZ. number of [9].Was defined in a different way
ants coincide, up to a sign. Thus, on nilmanifold@d itis an element in a frée x 7 module whose
the computation of the Nielsen number, which is difiénerating set does not easily yield f; X, A) as
ficult in general, reduces to the homological calcula(/) does in the absolute case.. _

tion of the Lefschetz trace. A strengthened version 1h€ purpose of this note is to introduce an
of Anosov’s theorem was obtained by B. NortorfPPropriate relative generalized Lefschetz number
Odenthal [8] by proving a product formula for the-(/; X, ) and a relative generalized Nielsen num-
Reidemeister trace or equivalently, the generaliz8§" 91(/; X, 4), following Schirmer [10] and Car-
Lefschetz numbe£(f) [6]. For selfmaps on soly- 40n2 [4], so that wheq.X, A) is a pair of nilmani-

manifolds, only the inequality.( /)| < N(f) holds folds, we generalize Anosov’s theorem using these
[7]in general. - new homotopy invariants.

H. Schirmer introduced a Nielsen type num-
ber N(f; X, A) in [10] for a mapf : (X,A) — 2 The combinatorial relative general-
(X, A) of a polyhedral pair. Under mild conditionsjzed Lefschetz number
N(f; X, A) can be realized as the minimal numbeFhe classical Reidemeister trace or the generalized
of fixed points in the relative homotopy class fif Lefschetz number is the twisted conjugacy class of
A generalized Lefschetz number for a map of paitee trace in the integral group ring generated by
was introduced in[9] so tha{ (f; X, A) isthe num- the fundamental group. It also has a different rep-
ber of terms with nonzero coefficients, analogoussentation as follows. Lef : X — X be a
to the same relationship betweén(f) and £(f) selfmap of a compact connected polyhedron and
in the absolute case. More recently, F. @aa [4] ¢ = fx : m(X) — mi(X) be the induced ho-
extended a relative Reidemeister theory initiated lmsyomorphism by choosing appropriate base points.
A. Schusteff [12], introducing relative ReidemeisThe set of orbits of the action of; (X) on m (X)



viaoc e a — cap(c)”! is the set of Reidemeis-  Define thecombinatorial relative generalized
ter classes, denoted B%(y, 7) wherer = m,(X). Lefschetz numbeo be

To each Reidemeister classwe associate the usual

fixed point indexix (p) (see e.g. [2]). Ifp corre- LS(f; X, A) = L(fa) + £(fF) — £(f, fa)
sponds to an empty fixed point class fofthen we

setix (p) = 0. Then the generalized Lefschetz numas an element 6t (p, 7) & ZR(pa, ma).

ber £(f) can be represented by

()= Y ixlp)p€ZR(p,7)

PER(p,m)

Remark 1 We use the term combinatorial since
£(f; X, A) is defined using the inclusion-exclusion
principle of combinatorics.
as an element of the free abelian group generated by
the seti(e, 7) (see [6]). . Theorem1 (1) If A = @ or A = X, then
Suppose thaf : (X, 4) — (X, A)isamapof ¢(r. X, A) = £(f); (2) £(/; X, A) is invariant un-
a compact polyhedral pair and is connected. By der homotopy and homotopy type; and it possesses
choosing base points as in [5] or [9], we have thfie usual commutativity property; (3) the number of
Reidemeister actions of non-zero terms i€ f; X, A) is equal to the relative
1. mp0nmy: Nielsen numbeN (f; X, A).
Gea s oapa(@) !
and

2. monm: 3 Arelative Anosov’s theorem
ocear cap(o)™t We present a relative version of Anosov’s theoremin

) ) this section and its generalization to solvmanifolds.
wherep, ¢4 are the induced homomorphisms bf First, we introduce some terminology and notation.

and f4 respectively. Thus, we can define First, we generalize the relative Nielsen number

i)=Y ia@FeIN(pa ). PYOEining
PER(pa,ma)
_ , _ N(s) = > 5
As in [4] and [5], the set oEommonReidemeister ix (p)2£0
classes is defined as _
- Nfa) = > B
R(p, pa) = {p € Rlp, 7)|3p € R(pa, ma) i 4(7)£0
suchthatj 4 (p) = p} N(f, fa) = Z p; and
- . . Ix a(p)#0
wherejas @ R(pa, ma) = Ry, 7) is the function
induced by the inclusiogy : 4 — X. NS X, A)=N(F) +N(fa) — NS, fa)-
Define the common generalized Lefschetz num- o i
ber to be the element The following is our main theorem.
L(f,fa) = Z Ixalp)p € ZR(2,94)  Theorem 2 Let (X, A) be a pair of nilmanifolds.
PER(p,0a) Foranyf : (X, A) — (X, A),if L(f) - L(fa) > 0
. oo 1
ix(p), ifIp€ja (p)such N(f; X, A) = £L£(f; X, A)
Ix alp) = thati4 (p) # 0;
0, otherwise. as elements ifLR(p, 7) & ZR(pa, 74).
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