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Abstract: - The problem of laminar forced convection on a horizontal plate has been analyzed through three
similarity transformation methods which depend on the finite group of transformations. Comparisons between
these methods are performed and the results are found to be in very good agreement that the new systematic
method by Adnan et al [2], [3], is the simplest and more general. Furthermore four transformed similarity
equations of the problem under consideration were obtained very easily under this method. General form of
absolute invariants and the corresponding new variables of certain groups are determined. The Formulation of

the New Systematic Method is explained in appendix -A.
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1 Introduction

Solving nonlinear partial differential equation is
a fundamental task and of great importance. The
similarity methods to find the symmetry group and
similarity representations of nonlinear partial
differential equations is one of the most powerful
tools in mathematical physics. Morgan [21] and
Michal [16] are pioneers in developing the
similarity solutions of partial differential equations
under the appropriate one-parameter group of
transformations. Birkhoff [6] applied one-parameter
group of transformation to obtain similarity
solutions of some problems in the fluid mechanics.
Later on Manohar [15], Hansen [10] and Ames [4],
[5] extend the methods to special forms of n-
parameter groups.

A variety methods and theories were presented
by Moran and his co-workers [17], [18], [19] and
[20], for reducing systems of partial differential
equations.

Most recently, Al-salihi et al [2], [3],, proposed
a method simpler than the systematic group
formalism Moran and Gaggioli [18], (called the new
systematic method).

The objective of this paper is to derive similarity
equations for laminar forced convection on a
horizontal plate using three methods of similarity.
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The outline of the proposed method is given in
Appendix — A.

2 Problem Formulation

External flows involve a flow which is
essentially infinite in extent over the outer surface of
a body. Flow over an isothermal flat plate aligned
with the flow is one example for such a flow.

The basic governing partial differential equations
for description of mass, momentum, and energy
conservation of two-dimensional laminar steady-
state forced convection boundary layers are given
below, noting that the variable physical properties
and viscous thermal dissipation are ignored [23],

u_x+Vy:0 (1)
uux+vuy:Uoo%+vu Vy (2)

with the boundary conditions

y=0:  u=v=0, T=T,, 4)
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where U, T,, and T,
beyond the boundary layer, temperature on the wall
and temperature beyond the boundary layer,
respectively.

are the velocity component

Introducing a stream function y (x,y) defining

velocity ~ components u=y ,v=-y,, and
dimensionless temperature gy, y)_T —L , where
8~=T,—T.. Equations (2) and (3) reduce to
WyWxy=Vx¥yy—Ueco dgcoo —V¥yyy= 0 (6)
d QW 14 _0 7
YyO— 25+ 0u0x) Y xOyOp 5 Obyy = (7)

while equation (1) is identically satidsfied.

Further the boundary conditions read as,

y=0: yy=—wx=0, 0=1 (8a)
Yy ¥y=Uc, 6=0 (8b)

3 Determination of the Absolute
Invariants (Invariants of Group):

Consider  the one-parameter group  of
transformations given by
S,:)_cl.szi(a)xl. +K%(@)  i=l..n n>2

G= , , )
w=C" (@) u/+K%W (@) j=l..n m>1

acting on base space (X,u) which has infinitesimal
generator of the form (35), with

g% oc” o L OK"
1—aa a=ap— aa |a ap Ai T 862 la=ao
=X+ [
ou’, 8C”j - OK"
g'= oa oeo= oa a0t oa oo
=it + P
We put
oC% OK*i
ai—aihz =a,» Bi= oa ——a= =a,»

ocw oK
An+ )= 7 oa la= =a,» ,Bn+] oa o= =a,
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where @, denotes the value of a which yields the

identity element of the group, such group has
n+m—1 absolute invariants, n—1 of them for the

subgroup S7. Utilizing the systematic technique of

determination a complete set of absolute invariants,
Moran and Gaggioli [18], i.e.

The function A(xy,...,xuu’,...u™) is an absolute

invariant of the group G; with generator X if and
only if

X(A)= Z(aixl +5 )_+ Zan+ X +,Bn+ 2 _O (10)

j=1

However, to determining the absolute invariants of
Gy, it is sufficient to solve the equation (10). This is

possible via well-known characteristics techniques
for solving linear PDE,

dgy  dy,  dd du"
e - 7 e 7
a7x7+ﬁ7 CpXn +ﬂ” Oy +ﬂ1+7 Clpmld +ﬂn+m

Thus, a set of absolute variables are determining by
the nontrivial solutions of simultaneous equations,
these simultaneous equations also suggest other
possible sets of transformations and corresponding
invariants. Such invariants generate new variables
(similarity variables). We suppose x; is the
independent variable to be eliminated. There are
many sets of invariants and corresponding new
variables:

Set 1: If a,#0 the invariants of Gy, are

A (g +EE ﬁk) % (x, +ﬂ7) if %0
_ Ay
Q}/—
Aln(xk+ﬂk) % x,, if =0
s j
B(xk+ﬂk) ez (uJ+'B ”“) if ape#0
gj: ﬂ}’H—/
Aln(o+ Bk +Lhy e ul if =0
Bul if an+j:ﬂn+j:0

which generate the following new variables:
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ny=A (xwﬁk) G, J’y) wi=Ry and
11
- 8 | (11)
my=A In(y+2k ’;) o x u/=Ry
where
Apy j
*(xk"'ﬁk) Pk FJ(777; -1n- 7) ﬂn+/ if an+j¢0
7 B j . _
Ry= Ln(Xk+ ) K FIpyeslin-1) if ay=0

7 .
E FJ(’?75977}1—7) lf a}’l+j=ﬂ}’l+j=0

Set 2: If o;=0the invariants of Gy, are

“Zry, Vi
Ae @ (x,+2L i a,#0
o, CrriD i a
A (ﬂkxy-ﬁyxk) if a,=0
Be w @Dy g, k0
gi= Ap+j
B (Bu+ jxic-Pru) if ay=0
Bul if ap+j=Pn+;j=0

which generate the following new variables:

. B
ny=Ae ﬁA (x7,+ /4 u/=Ro> and
(12)
n,=A 1n(xk+ﬂk) mx u/=R>
where
(o278
7 5t ﬂ .
_eﬂk FJ(7775 -JIn- 7) if oy ;70
7 .. )
Ro= E(ﬂn+jxk—BF](777r--J7n-7)) if an+j=0

! 5 .
EF](}/I7797771-7) l][ an+j=ﬁn+j20

where y=7,...,n—1 (y#k) and j=7,...m.

4 Morgan's Method
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First step in Morgan's method is define the
simple group of transformations and carry out the
transformation on the differential equations (6)-(7),
to show that it 1is invariant under this
transformations.

Consider the linear group of transformation (one-
parameter group)

p=A%3y,
U =496y (13)

)?zAa7x, )7=Aa2y,

0=4%40, 0,,=4%50,,
Substitute of (13) into (6)-(7), we get
A0 2020 (i )

_A%—2a [T Usp dd _A3a;

= & VWW =0

var-ar-ag-as— A0, = =
AT T O B B)
— V _ _ [ —
)_ceyev_v]_ﬁ"lzaz oy a50‘4’0)/_y:
Which be absolute invariant under (13) if;

a+2ao-2az=o1—2og=30o—o3=0

o to,—a,—o,—a; =20,—a,—as;=0

or more general, conformally invariant if}

a7+2a2—2a3=a7—2a6=3a2—a3, (14)
ata —a —a o 5=2a2—a %
the equations in (14), solved to give
@2_q . a_,
at aft
%6 _om -1, 94,25 _ (15)
at ar a1

where m , n are arbitrary constants.

Second step is determining the invariants by trial
and/or inspection. By eliminating the parameter A
from (13), and make use (15) we obtain,

—=m—-1_,,,m—71 =y 1T
yx =yxT 0, px =YX,

% _a % _&s
Ox % =0Ox %, Ox % =0,x %,

UOO x1-2m =Ux -2m
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These combined variables enable us to derive new
variables as

n=yx"=T y=F@p)xm,
12 s
0=G(n)x %, 0,,=Cyx %, (16)
Uo,=C 2x2m—7

We test whether the auxiliary conditions are
expressible, without inconsistency, in terms of these
new variables. This is, if ag=0. Put ay=0 in (16)
we get the similarity variables which transform
invariantly, the auxiliary conditions as well as the
differential equations,

(1-2m)[C; = F* 1-mFF"—vF'""'=0  (17)
nGF'-mFG'—~Y-G"=0 (18)
Pr
With the boundary conditions
n=0: F=F=0, G=1
(19)
n— o! F'=C,, G=0

It seen that in this procedure there is no systematic
approach to determine the absolute invariants and
that the new variables generated by these absolute
invariants were found for the differential equations
alone, this leads to wastage of efforts if the auxiliary
conditions are inexpressible in terms of such new
variables.

5 Systematic Group Formalism
Moran and Gaggioli [18]:

Drawbacks in the previous section were
overcome by [18], [20]. Invariant analysis consider
for auxiliary conditions as well as the differential
equations and then absolute invariants determined
by a systematic procedure.

Consider again, eqs. (6)-(7). First step is also
define somewhat general group of transformation of
the form (9) and show that the eqs. (6)-(7) is
invariant under this transformations.

Consider the one-parameter
transformation,

group  of
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S:{fzcx(a)x-i-Kx(a)
y=CY(a)y+K”(a)
y=C¥(a)y +KY (a)
0=C%a)0+K(a)

0,,=C%(a)0,,+K 9% (a)
U =CY=(a)Up+KY=(a)

(20)

Where C's and K's are real-valued and at least
differentiable in the real argument a. It is
straightforward to show that (6)-(7) are invariant
under G , by substitute (20) into (6)-(7), yield

_ — dUx  _
(Vyxy —VxWyy )= Uo——= = Wiyy=

1 C" >

cx( Cy) e N

e2y)

U
(«© 00)2U du c¥

w_
O dx

vy +R1
)

C.x

_—dOy, — — = =y = =
yy(0 T;/-ngef)—(//fgyew—ﬁeweyy
_cvchwct

- cxeY
v cOch

Pr (Cy)2

(22)

W (09010,0, )-10,0,]
Owlyy +R2

Where

CY» KUoodU_OO,

cx dx

cy
cxey

R7=

do.
(WK, 0= 2+CO k0. Oyl .-y 0,1

R o= 'y

0
v
Pr (Cy)2 KU 0, ny

The conformal invariance of (21)-(22) implies
AP (CUR v
cx Yy cr(C)3
cvcocts _coch

cxcy (V)2

R1=Ro=0,

=H(a),
(23)

Hop(a)

The vanishing of R;, R, and invariant of boundary
conditions (8), implying that

KO0=KOw=KU==0 ~ CO=1 (24)
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In view of (23), and invoking the results (24), we
get
cvy Ccx c*

U= == and C¥V=—
CY (CY)2 cy

(25)

By substituting from (24) and (25) into (20) we get
the class of group.

0=0

0,,=C%0
cv

Vemgy U

Next step is finding the absolute invariants of G’

via systematic technique depend on invoked a basic
theorem from group theory, i.e.,

n(x,y)is an absolute invariant of subgroup S'if it

satisfies

8770

on _
(a1 X+b1)§+a2 J/g— (26)

d (64 acy
Where d CY)|a=aﬂ h —aoa and a7=—— da |a—ag

Eq. (26) has a solution in the form
by
=(x+—-) .
T=(x a7)
By a similar analysis the absolute invariant of the

dependent variables y/, 6, 0, and Uxare

_asz b _as _Gs
a7(l//-|—) 0, © “16,, 1 Uy

These absolute variables generate the similarity
variables of the problem of the form

az
y=r4F (n)—— 0=G (1),
as 96
0,,=Cq7 41, Up=Co a1

Using these similarity variables, (6)-(8) becomes,

a a " a " m
5] [(737?)17 27:77171: v F-I3=0  (27)
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a5 ~p A3 A Vo n_ 28
m[a1 GF . FG'-5.T5G"=0 (28)
with transformed boundary conditions
=0: F=F'=0, G =1
) (29)
n—owo: F'=I's, G =0
Where
Zay 2a2_7 a3 3ay Zag
Li=r @ a1 Ip=r% a1 I3= C ;z-ar
7
as a3 ay as 2a, as @ as
1“4:;;07 ar ap ]"5:;;07 ar | 1"6:7707Tt11 ar

For (27)-(28) to be reduced to an expression in
terms of the similarity variables; it is necessary that
I,...Is should be constants or functions of 77 alone

and I should be constants This is, if

With help these relations, (27)-(28)

1 2 3 " m C22_

(EF -ZUFF )-V F —4—0
1 " 3 4 Vv n__
EGF —4F G ]—PrG =0

Which represent the similarity equations of the
problem, with boundary conditions of form (19).

6 New Systematic method

The drawbacks in the previous two methods
were overcome by Adnan et al [2], [3]. In this
method, group of the form (20) will be defined
again in beginning of the analysis which has sets of
absolute invariants and corresponding new variables
of the form (11) and (12). The method has only one
step, expressing of the basic equations (6)-(7) along
with the boundary conditions (8) in terms of those
new variables.

Case 1: For problem in hand and make use (11),
we will invoke one set of new variables; as example

n=A ﬂaf (y+’62
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24} a4

y=gom Fa)LE, o= prGa,
a5 Qs
1 o5, g, P
6, 357[ 1k——= o Uoo—BGﬂ k2 g

Where z=(x+22 ﬂ’) We assumed 4=B;=B,=B;=B;=1.
Egs. (6)-(7), becomes

l2 "
K, [(a;-a,)F" -a.nFF"]

€1y
+K,(Bs-aC)va K, F"=0
K, F+K [(a,+a)GF'-a FG']
1 ' V n (32)
+K [a,FG'-a ,GF ]_E[K7_K8]G =0
with the transformed boundary conditions
n=0(for y=0, f2=0)
F=F=0, G =Kg
n—o (for y—>o):
F'=K 7p, G-Ky77=0
Where
203 20 206 _4 as_3az
Ky=r &1 @ | Ko=Cor & , Kgz=r% *
25, 95,0 Q2 4
K4=C 70:5/34”&1 ar a
a4

%4—%4’%—%—1
K5=C1a5;;a1 a1 a1 o

as_ aq 2oz
K7:alc77z'a7 ay 0(7,

Q4 03 Q2 4
Ke=for 1 o1
a4 2oz
Kg=a1f5m %1 @1,
ay —a3 a2

K9=(7+§—4)ﬂ_‘7’, Kyp=r @1 “’(ﬁafcz—’g6

2Z3

K77_'Bj7f @

For (31)-(32) to be reduced to an expression in
terms of the new variables, it is necessary that
K,,....Ksshould be constants or functions of 77 alone

and K, Ky, K;; should be constants. This is, only
whenever:

E-ISSN: 2224-3461
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B2=Pa=p5=Pe=
(33)

@3 302 _ a5 @3 a2

al1  aq ’ a1 a1 a1
as_2ap _ a3 @2 a6 _

a1 af a1 a1 a1

Which be solved to give

ay 1 a3 3 a5 1 ag_1 _
& a A a1 2 a2 and a4=0

Thus, with help these relations, the new variables
(30) become similarity variables and then the
corresponding similarity equations of (6)-(7), take
similar form to those reported in the previous
section.

Note that: most the relations in (23)-(25) and
values of the coefficients «'s and b's in
previous section may be find out easily by (33).
And so it is possible to deduce the group under
which the problem invariant if needed without going
to deduce it separately.

Moreover, by simple manipulation to Egs. (31)-(32),
one can derive another form of similarity variables.
s

For example; multiply (28) and (29) by # @1 and
1_%5 a3, %2

T %1 &1 &1 1 oregpectively, and repeating the

process we obtain

Qy

Eon, and  Z0=2m-1

22 _4-m
’ aq aq

a1

Substitute these relations in (30), we get new form
of the similarity variables and then similarity
equations corresponding to (6)-(7) similar to those
reported in Section 4.

Case 2: Similarly, make use (12); we can invoke
another set of new variables, as

77Ae ﬁ)

-2,

SO+
_1 L G B (34)
l//_B (77 0_ B4 e G(U) o B

—— kl—ﬁ, Uomri o k- L2
Bs as as

Bs
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Assume 4=B=B,~B~=B,~1. Eqs. (6)- (7), becomes

CAK1 -Coos Kol (03-00)F2-05nF F' K3 v =0 (35)

K4F'+K (a4 +a5)GF -3 FG']

(36)
+Kela3FGH+aaGF'l- [ —K7-Kgl$1G'=0
With the transformed boundary conditions
n=0 (for y=0, p2=0)
F=F'=0, G =Ky
n—ow (for y—> o)
F'ZKm, G—K77=0
Where
as 203 02 50
X (o272 )
Ki=eh fg,  Ko=e P B B
a3z Q2 056 _Qr 05
Kame B B 2B | K 4mcy 255 “5ﬂ4 SBBTR

(@2 ds o
, Kg=Cie B P1 B P

L% @ ap 05 Q4

2 it
KG_C1ﬂ5 B : Ky=Cie' AAAY
ay
fs 2+ By 5%
Kg=2e /i ,  Kg=(+e A,
8 s° o=(H 2
ay O3 4
Kiome B A" (eﬂ’kz—ﬂG) Kyelhe A"

a4
For (35)-(36) to be reduced to an expression in
terms of the new variables, it is necessary that
K,,....Ksshould be constants or functions of

n alone and K ,,K ;,K;;, should be constants. This
is, only whenever:

B2=p4=p5=Pe=a4=0,

a2 a3 as ae6
—£=—m =m, ——>=-2m and —>=2m
2R} P P

Where m is arbitrary constant. Using these

relations, (32)-(33), become

~2nC+2mF?-mnF Py F"<0 (37)

—2nGF-mFG % BC1G"=0 (38)

With the transformed boundary conditions (19).

E-ISSN: 2224-3461
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Moreover, by simple manipulation to Egs. (35)-
(36), one can derive another form of similarity
variables. For example; multiply (36) by

(@2 % 03

e @ a1 | and repeating the process we obtain

same results reported above with %
1

(37)-(38), become

is arbitrary

constant n (say). i.e.,

~2nC+2mF?-mnFF—fv F"=0

nGF'-mFG' % B1C1G"=0

With the transformed boundary conditions (19).

6 Conclusion

General form of absolute invariants and the
corresponding new variables to group of the form
(9) are determined. The results obtained here reveal
that such new variables are applicable directly to
partial differential equations, specially arising in
engineering and applied science.

Three methods of similarity analysis which
depend on the finite group of transformations have
been carried out to present similarity equations of
the problem of laminar forced convection on a
horizontal plate.

The analysis and comparisons carried out here
show that the effectiveness of the new systematic
method in obtaining similarity equations for the
problem. The results are found to be in agreement
and thus the new systematic method is the simpler
and more general. Four sets of similarity equations
are obtained by this method and, it is found that,
these sets of similarity equations include all
similarity equations found by other methods.

The Formulation of the New Systematic Method
is explained in appendix -A below.

It is hoped that the method presented here can be
used effectively in the situations where the
differential equations are more complicated.
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Appendix (A)
Group of Transformation:

situation
equations

Consider the of a system FEof
N differential of k-th-order in n

independent variables X=(,...x,) andm dependent
variables u(x)=(u/(x)....u"(x)), given by

Ep(x4,...Xn5u 7,...,um,8u,...,6ku)=0 (39)

For each ;=1 2. N, with the boundary conditions

B=0 on a=0, v=12,.s (40)

and consider the one-parameter group

G {S,:)_cl: f(x,....x, 5 Q) n>2

j=1...m m>2

i=7...,n
=, i(7,7
u/=g'(u’,...u™a)

acting on base space (X,u) which has infinitesimal
form given by

Sx=x+e& i=1..n n22
G= : 41)
u=u+el/J)  j=1..m m>2
with infinitesimal generators of the form
2 0 50 (42)
X= =t J—
et 2 5

By definition, G7 has n+m-7 functionally
independent absolute invariants of the form

Q.7(x7,...,xn )ses Ly (XA Xy )
g/ (X1 Xy 7,...,um),

} 43)

j=1,....m

E-ISSN: 2224-3461
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Formulation of the New Systematic
Method:

It is well-known that any DE of order k be
invariant under one-parameter group Gy, if it is
invariant under the k-th extended group G\ of Gy .

Therefore, the system £ is invariant under the
group represented by (41), if it is invariant under the

k-th extended group, G , of (41) . According to

[25], the necessary and sufficient conditions of this
system to be invariance under an extended group is
that this system satisfy a system of homogeneous
linear partial differential equations

X*E (x,u,0u,...,00)=0

for each w=l,...,N, which has p—7 differential
invariants, where p=n+m-+[ and [ is number of the

derivatives thereof up to the k-th order. We
therefore add the following invariants to list in (43):

57 7 m _
& Xty Xty ut”,.),  y=1..,1,

It is well known that an arbitrary function ¢
(general form of E') obtained by equating an p—7
absolute invariants of G\ to zero is invariant under
G ; that s,
Ay sAp-1)=0

Where Ay,..., A, rare Q.0 7, g's and g's
respectively. Since ¢ be invariant under G",
then according to Morgan's theorem, ¢ can be

expressed in terms of new variables 7y,...,7,-7; as

the independent variables and F3,....[F, as
dependent variables such that
17,=Q y=1,...n—1
{ r . . (44)
FI(n1,....,n—1)=g’ j=1...m

The result be,
(0(/17, . ,/1‘,,, 7)=(5(777, . ,77,,,7;177, . ,F,,,,@FJ-, . ,aij)=0

We are easily led to the following result:
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Lemma 1: E, has the form ¢, if and only if E,
is expressible in terms of the new invariants

(77 9 2 S

As a result, we will establish the central results
which are the basis of our method.

Theorem 1: If a system E is expressed in terms of
n+m—17new variables (44) of Gy, then it is
invariant under this group.

Proof: Suppose that E, (u=7,...,N) are expressible
in terms of the (n+m—7) new variables, (44). Then,
by Lemma (1), £, have the form ¢, and so

Eﬂ (X:uauij:-":ul’j’ ..... l'k):¢,u(7779"':771’1—79F79"':Fm):0

For invariantF,, it is enough to show that
X®E,=0 foreach u=1,..,N,

Let z4,...,z, are the variables xy,...,x, , functions

u’,..,u™, and the derivatives thereof up to the k-th

; A A
order; and ps..., are &,...5.¢ ,...,g"’",é'[{],...,g"[{h“jk]
respectively. Then

x®OF = X B

0 0
=Z7(Z7,...,Zp)%+....+;(p(z7,...,Zp)%

:)(7(27,...,2;7)[3/(107 gj“; e 6§§76g§;7]+...
+ZP(Z7,...,Zp)[gZ gj; b 855_7825;7
=§_f7[ ;ﬁ%+, A2p 8;5; AT
} 6/?;0_7[;(;8/;1;7_7 a ...+;(pa§5;7]
:aaff’, [O}+. 4 8257[0]4)

Since A's satisfying X“4,=0 (y=7...p-7) .

Hence E is invariant under the given group.
According to this theorem if the system £ express
in terms of those new variable, then it is invariant
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under the group and such new variable are similarity
variables.
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